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Flow over a surface with slight roughness is  examined. It  is  established that at  high Prandt l  
or  Schmidt numbers  such roughness can markedly  increase  the coefficients of heat  and mass  
exchange. 

The hypothesis has been expressed  in [1] that the protrusions  of i r regula r i t i es  on a surface with r e -  
lat ively slight roughness exer t  an additional turbulizing effect  on the laminar  sublayer. 

This can be just if ied physical ly as  follows. Direct ly  at  the surface the liquid moves by passing over 
the e lements  of roughness. Consequently the par t ic les  of liquid will possess  additional vibrational motions 
compared with a smooth surface.  These vibrations of the flow increase the level of turbulization and can 
lead to the appearance of additional shear  s t r e s ses .  It must  be noted that the concept i tself  of a wall boun- 
dary  in the presence of roughness is  somewhat indeterminant  if this boundary is measured  with respect  to 
the normal  to the direction of motion of the external  flow. In this case the wall boundary represents  an 
indistinct  range of sizes of the protrusions.  However, one can a rb i t ra r i ly  take as  the wall boundary the 
coordinate where the longitudinal component of the velocity is  equal to zero. In this fo rm it  is  possible to 
allow for the presence of the additional turbulization of the flow by a simple shift in the origin of the co- 
ordinates.  

If one adopts for  a smooth surface the dependence of [2] corresponding to a fourth power law for  the 
penetrat ion of velocity pulsations into the laminar  sublayer,  the equation for  calculating the velocity profile 
for  a rough surface will have the form 

,1 1 
- - - -  dq. (1) 

(,o-- .)f l-~- 5.624 [0.0805 (rl , !1,)]'/;I-i-:/1. [0.0805 Ol-~'~ r)]__"-I" 
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At ~/r = 0 Eq. (1) corresponds to the uninterrupted f iat  velocity profile of a smooth surface [9]. 

~.-r I 

0,00 

O, OZ 

0 2 

o l 

�9 3 

'to s ~2- 

Fig. 1. Calculated coefficients of 
hydraulic res is tance f rom Eqs. (6) 
and (7) for  slight roughness.  En-  
velope curve i s  calculated f rom Eq. 
(8): 1) Re = 104; 2) 105; 3) 106. 
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Fig. 2. Compar i son  of e x p e r i m e n t s  [10] and ca l cu l a -  
t ions f r o m  Eq. (14). So l idcu rves :  calculat ions;  dashed 
cu rves :  e x p e r i m e n t s  on hydraul ic  r e s i s t ance .  

The opera t ion  of  the n u m e r i c a l  calcula t ion of the in tegra l  (1) i s  accompl i shed  v e r y  s imp ly  on an 
e lec t ron ic  compute r  by the same  p r o g r a m  as  fo r  a smooth  sur face ,  taking the ini t ial  va lues  

~l= qr; q~=O. 

Then calculat ing f r o m  the prof i le  the ave r age  ve loc i ty  fo r  the motion of a liquid in a round tube 

% =  ~15, 
q) (']o - -  '1) dq, 

0 

one can calcula te  the coeff ic ient  of r e s i s t a n c e  

co r respond ing  to the Reynolds  num ber  

and the re la t ive  roughness  

(2) 

= 8/q~, (3) 

Ref = 2%% (4) 

Y~ _ ~ r  (5) 

r o Ilo 

Here  we use the well-known equat ions (2)-(5) which follow f r o m  calcula t ions  in un iversa l  coordinates .  

As a r e s u l t  of the ca lcula t ions  n u m e r i c a l  va lues  were  obtained fo r  the coeff ic ients  of r e s i s t a n c e ,  
which a re  c o r r e l a t e d  with an a c c u r a c y  of ~2% by the dependence 

T =  ~s~ --1/(1--1"l'lO-2Re~'a75b'r]r~ (6) 

The s t ruc tu re  of this equation and of the o the r s  p r e s e n t e d  below is  obtained by the method of re la t ive  c o r -  
respondence  [3] on a s imple  t w o - l a y e r  model .  This  method,  which has  not yet  r ece ived  due apprecia t ion ,  
p rov ides  the bas i s  fo r  the appl icat ion of rougher  calcula t ing mode l s  in the case  when the r e su l t s  of the c a l -  
culat ion a r e  r e p r e s e n t e d  in re la t ive  va lues .  A l inea r  dependence between the d i sp lacemen t  Yr of the or igin  

o f  coord ina tes  and the height 5 of the roughness  i s  a s s u m e d  in [1] 

Y r = c6. (7) 

By c o m p a r i s o n  with e x p e r i m e n t s  on the hydraul ic  r e s i s t a n c e  in tubes with a sandy sur face  roughness  i t  i s  
found that  c = 0.127. 
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A curve cons t ruc ted  f r o m  the Nikuradse equation 

~r",----( 0,88 In r~ § 1,65 ]-~,  (8) 
d 

I 

which de te rmines  the coeff icient  of r es i s t ance  in the region of a s e l f - s imi l a r  mode, and curves  const ructed 
f rom Eq. (6) with allowance fo r  (7) a re  p r e sen t ed  in Fig. 1. As is  seen, with only the help of the single ex-  
pe r imen ta l  constant  0.127 i t  is  possible  to co r r e l a t e  the tangency of the cu rves  of slight roughness  with the 
curve  of (8). If instead of one constant  each  curve cor responded  to i ts  own value or  the dependence (7) had 
a more  complicated fo rm  the val idi ty of ft. C. Rot ta ' s  hypothesis  would he in doubt. In the p r e s e n t  case one 
can a s s e r t  that this hypothesis  is  confirmed.  

The equation 

Yr = 0.56, (9) 

which also c o r r e l a t e s  all  the curves  of coeff icients  of hydraulic res i s tance  in the region of slight roughness,  
�9 is  obtained aimlogously for  technical  roughness  de te rmined  by the Kolburn graph [4]. 

The dependence (6) is  valid only for  re la t ive ly  slight roughness ,  when the p ro t rus ions  of the i r r e g u -  
la r i t i es  lie within the l imi ts  of the laminar  sublayer  o r  pa r t ly  within the t rans i t ional  layer .  This  zone is  
approximate ly  l imited by the value 

W : 1 -- 1.15. (10) 

It  i s  in te res t ing  to bring in the resu l t s  of a calculat ion of heat  and mass  exchange in the p resence  of the 
e f fec t  of slight roughness.  Here the calculating equation In dimensiordess  universa l  var iab les  has the fo rm  

i 1 dq . .  (11) O :=: 1 5,624 [0.0805 01 -I- ~lr)] * 
P~r I e { [0.0805 (n i- nr)l 2 

, 1+ -~,2667 V ~ - q r - -  O 

Here e is  the coeff ic ient  of d i s s imi la r i ty  in the d ispers ion  of heat content and momentum, taken as  equal 
to 1.1. The in tegra l  of (11) was calculated on an e lec t ron ic  computer  like (1). The mean volumet r ic  t em-  
pe ra tu re  fo r  the conditions of motion of a liquid in a round tube was de termined  f r o m  the t empera tu re  and 
veloci ty  p rof i l es  and the coeff icient  of convective heat exchange was calculated. The resu l t s  of the ca lcula-  
tions are  co r r e l a t ed  with an accu racy  of • in re la t ive  fo rm by the equation 

(I)-- a -- I/1 - -  1,1.10-2Re~ "~75 Pr ~ Yr (12) 
0~o YO 

It follows f rom a compar ison  with (6) that when P r  > 1 the effect  of slight roughness on the coefficient  of 
convective heat exchange is  more  impor tant  than the effect  on the coefficient  of hydraulic res i s tance .  This 
e f fec t  was observed  in the exper iments  of [5, 6], although without an explanation of the c a u s e s .  

According to [5] the cha rac t e r i s t i c  indicator  of the excess  of the growth in the coeff icient  of convective 
heat  exchange compared  with the coefficient  of hydraulic r es i s t ance  is  the ra t io  0 / r  which can be conver ted  
into the following fo rm  for  sandy roughness  with allowance for  (6) and (12): 

(I) 1 - -  1 . 3 9 . 1 0  -2 l 
T 1--  1,39.10-2Pr ~ ~'~ l (13) 

where 

A mode with 0 / ~  > 1 has been observed in experiments on the heat exchange of water at Pr  = 5 and l = 5-20. 

I t  is now possible to compare the dependence (12) with the experiments of Dawson and Trass [10] on 
diffusion which were conducted by electrochemical  means. Surfaces with ar t i f i c ia l  roughness In the form 
of V-shaped channels were used in the exper iments .  For  compar i son  with the exper imen t  the equation (7) 
fo r  sandy roughness and the p a r a m e t e r  l f r o m  (13) were introduced into Eq. (12) 

(I) = 1/1 ~ 1.39.10 -2 Pr ~ l. (14) 
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~'ig. 3. Compar i son  of expe r imen ta l  data on diffusion a t  
l a rge  Schmidt  number s  with calcula ted va lues  fo r  d i f fe r -  
ent  "diffusion" roughness :  1) calculat ion f r o m  Eq. (20), 
condit ionally cor responding  to a smooth sur face  (fourth 
power  law fo r  pene t ra t ion  of ve loc i ty  pulsat ions) ;  2) f r o m  
the equation 

1 
Nu : :  - - | # ~  l~e P r  1/3 

8.,1.5 
(third power  law); 3) e x p e r i m e n t  of [8], Eq. (21); 6) ca l -  
culation and e x p e r i m e n t a l  points  [9], Eq. (22) (second 
power  law); 7) e x p e r i m e n t s  of I. I. B a r k e r  and R. E. 
Tre ibo l ;  2, 4, 5 )ca l cu la t ion  f r o m  Eqs.  (20), (12), and 
(9) a t  r0/5 = 800, 326, and 213. 

The e x p e r i m e n t a l  r e s u l t s  and the i r  compar i son  with ca lcula t ions  f r o m  this equation a re  p r e sen t ed  in Fig. 2. 
As is  seen, the theore t ica l  cu rves  a re  con f i rmed  on the ave rage  by the exper iment ,  although the r e l a t ive ly  
la rge  s ca t t e r  of the e x p e r i m e n t a l  points  mus t  be noted. 

If the condition of hydraul ic  smoothness  i s  l imi ted by a 2% change in the coeff icient  of r e s i s t ance  
then f r o m  (6) and (7) we obtain 

r~ :5 0,07 I~,e ~ (15) 
5 

Accordingly  the condition of hydraul ic  smoothness  for  technical  roughness  is  

r~_ ~ 0.27 Re ~ (16) 
6 

The condition of t h e r m a l  smoothness  fo r  sandy and tecba~_ical roughnesses  will be de te rmined  s i m i l a r l y  
f r o m  (13) by the dependences  

r ~  ~ 0,07 Re ~ Pr~ ~; r~ .~ 0.27 t~c ~ Pr ~.'-'~. (17) 
6 6 

A mode of hydraul ic  smoothness  and t he rm a l  roughness  ex i s t s  in ~ e  in terva l :  

for  sandy roughness  

fo r  technical  roughness  

ro ReO.srs ; 0,07 Re ~ PRO.'-'5 ~ ~-- :> 0.07 (18) 

0.27 Re ~ Pr ~ > r0  ?~ 0,27 Re ~ . (19) 
6 

The p r e s e n c e  of this in te rmedia te  mode can explain the d i s a g r e e m e n t  in the expe r imen ta l  r e su l t s  of a 
number  of au thors  on turbulent  m a s s  exchange at  high Sehmidt numbers .  

The e x p e r i m e n t s  known at  p r e s e n t  include: those of V. G. Levich [7] and o ther  au thors ,  which for  
la rge  Schmidt  n um ber s  lead to the equat ion 

Nu : 0.041 I ~-ReSm ~ ; (20) 
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the exper iments  of P.  Har r io t t  and R. Hamilton [8], which a re  co r r e l a t ed  by the equation 

Nu = 0.0096 Re ~ Sm ~ ; (21) 

the expe r imen t s  of N. K. Kishinevskli  e t  al. [9] with the corresponding cor re la t ing  equation 

Nu = 0.02 Re~ s33 Sm 0.~ . (22) 

In the f i r s t  case the cor re la t ing  equation leads to a fourth power  law for  the penetra t ion of veloci ty  pulsa-  
tions into the laminar  sublayer ,  in the second case i t  leads to a third power law, while Eq. (22) c o r r e s -  
ponds to a second power law. A number  of exper iments  of o ther  authors  a re  also known which e i the r  con- 
f i r m  one of the equations (20)(22) or  are  close to them. 

F r o m  a p rac t i ca l  aspec t  the difference in the equations p resen ted  is  inadmissible ,  since even at  Sm 
= 40,000 the d i sagreement  in the calculat ions r eaches  100% or  more .  

An analysis  of the methods of the exper iments  shows that only the essent ia l  condition of hydraulic 
s m o o t h n e s s  was control led in the t rea tment  of the resul t s .  If the p resence  of thermal  and diffusion rough-  
ness  is  a s sumed  in the exper iments ,  which is quite probable in the p resence  of dissolving of the surface ,  
the r eason  for  the d iscrepancies  noted becomes  c lea r  enough. The resu l t s  of calculat ions by Eqs.  (20)-(22) 
and a calculat ion by Eq. (20) with a co r rec t ion  according to (12) are  plotted in Fig. 3. It was assumed,  
although conditionally, that Eq. (20), which cor responds  to a fourth power  law, ch a r ac t e r i z e s  the mass  ex -  
change of a smooth surface o r  is  in a mode of diffusion smoothness  in accordance with the condition (17). 

By select ing the roughness  according to the assumption made in the exper iments  of [8] and [9] and by 
the approximate matching in this way of the exper imenta l  cu rves  and the theoret ica l  curves  f r o m  Eqs. (21) 
and (22) at smal l  Schmidt numbers  (Sin < 103) i t  was possible to sa t i s fac tor i ly  match the curves  in the en-  
t i re  range of Schmldt numbers  cor responding  to the exper iments .  

In this case the slope of the curve in the coordinates  

Nu 
- -  - f (sin) 
Re V'~- 

i n c r e a se s  in propor t ion  to the increase  in the absolute value of the coeff icient  of mass  exchange jus t  as  
occurs  in the calculat ions f rom the equations (20)-(22). 

,p  = w / ~  
= y ~ " ~ / v  

~/r = Yr ~/r/v 
Yr 
T 

P 
w 

~f  
~?0 

Ref  
r o  

6r  

| = (T--Tw)OCp~rTP-/q 
P r  
g 

Sm 

N O T A  T I O N  

Is the dimensionless  veloci ty;  
is  the d imensionless  t r ansve r se  coordinate;  
is  the d imensionless  d isplacement  of coordinates;  
~s the d isplacement  of coordinates ;  
~s the shear  s t r e s s  a t  wall; 
is  the density;  
is  the veloci ty;  
is  the average  dimensionless  velocity;  
~s the d imensionless  radius  of tube; 
is  the coeff icient  of hydraulic res i s t ance ;  
is  the Reynolds number;  
is  the radius  of tube; 
is  the height of roughness  pro t rus ions ;  
is  the ra t io  of coeff icients  of hydraulic r es i s t ance  of rough and smooth sur faces ;  
is  the d imensionless  t empera tu re ;  
is  the Prand t l  number;  
is  the coefficient  of d i s s imi la r i ty  of diffusion of heat  content and momentum; 
is  the ra t io  of coeff icients  of heat  and mass  exchange of rough and smooth su r -  

faces ;  
is  the Schmidt number.  
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